
E F F E C T  OF  P R O X I M I T Y  OF ' B A R R I E R  ON L I F T I N G  

F O R C E  P R O D U C E D  BY V E R T I C A L  S O L I D  J E T S  

F .  S.  V l a d i m i r o v  UDC 533.601.135 

The effect of proximity  to the ground on the lifting force generated by a ver t ical  solid jet  
is studied in connection with development of ver t ical  takeoff and landing devices and of air  
cushion devices .  Such a study was made in [1] for planar flow by an incompress ible  ideal 
fluid. There  a general izat ion of the resul ts  obtained on a compress ib le  fluid was made by 
the approximation method, In the present  work the planar problem of s t reamline  flow past 
a dihedral b a r r i e r  of a gas jet  emerging f rom a channel with parallel  walls was solved by 
the Chap lyg in -Fa l ' kov i ch  method [2, 3]. The resul ts  of [1, 4-9] follow as a par t icular  
case  f rom the solution obtained. Calculations were ca r r i ed  out clarifying the effect of the 
proximity of a b a r r i e r  and the lifting effect of a fluid on flow charac te r i s t i c s  at subsonic 
speeds.  

1. The subsonic gas jet,  contained by semiinfinite paral lel  walls the distance between which is 2d, ex- 
tends upward infinitely with veloci ty v I and density Pl. At some distance s f rom the outlet of the channel 
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the jet encounters a dihedral b a r r i e r  in its path which splits it into two 
symmet r i ca l  branches of width 6 at infinity. In view of the symmet ry  
of the problem it is sufficient to examine only one half of the jet (Fig. 1). 

Here AB is the channel wall; MLO is the axis of symmet ry ;  OFE 
is the face of the b a r r i e r ,  of length l ; BC and ED are  the free surfaces  
of the s t r eam at which the gas velocity v 2 > vl, of density p 2; m is the 
angle between the s t r eam and the x axis at infinity; s is the distance of 
the b a r r i e r  apex 0 f rom the channel outlet; and a = (rTr (0 < a < 1) is 
the angle which the surface OFE forms with the direction of the velocity 

v 1 �9 

It is assumed that a dead air  zone LOF is formed at the surface 
of the b a r r i e r  with a curved surface LF at which gas velocity v 0 > v 1 
and the density is P0. The pattern of laminar  jet flow with a dead space 
in front of it was suggested by S. A. Chaplygin [8]. 

We define the flow rate  of gas in the channel as Q and assume that 
along the flow line MLFED the flow function r = 0; consequently along 
the line A B C ,  r = Q / 2 .  

At the surface of the velocity t r a j ec to ry  in polar coordinates 
T ,0 (T = v2/Vm2), where v is the velocity and v m the maximum velocity, 
and 0 is the angle between the velocity and the x axis (Fig. 1), the entire 
region occupied by the cur ren t  will cor respond  to a sec tor  of a ring 
with a c ross  section along the r ay  0 = 0 and radii  T o and ~'2, and ape r -  
ture  angle ~ (Fig. 2). The values which the cur ren t  function should 
take along the boundaries of the velocity t ra jec tory  region are  as fol- 
lows : 
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~b-----O at 0 = 0 ,  " % ~ ' r ~ x  i 

=Q/2 at 0 = O, " q ~ x ~ x z  
a ~ = O  at x-----%, 0 ~ 0  ~-~ c* 

= Q/2  at x = x~., 0 ~ 0 ~-~ m 

(1.17 

(I .2) 

Thus ,  the solut ion of the given p r o b l e m  c o m e s  down to D i r i c h l e t ' s  in te rna l  solut ion of  the p ro b l e m for  
Chap lyg in ' s  equat ion 

4-e~ (t - -  -c) -~-a~* + 4~ [t + (~ --  l )  'r] ~ + [1 --  (2~ ,4- t)'vl-~-~'" ~ 0  (1.37 

in the c o r r e s p o n d i n g  subsec t ions  of the r ing  s e c t o r .  Here  fl = 1 / ( x  - 17 and x = Cp/C v. Since T < 1 /  
(2/3 + 1), in the reg ion  under  cons ide ra t i on  Eq.  (1.3) is of  the e l l ip t ica l  type .  

Fol lowing S. V. F a P d o v i c h  [3], we will  s eek  a solut ion in the f o r m  

o ~  

~1(~, 0 ) =  ~ [Anzx(~:)+ Bn~xO:)]sinXO, ~ = n / z  

.=I (1 A) c ~  

~ (~, 0) = q (~ - o) 2c* h ~ [C,,.z~. (~) + D,,~x (*)l sin gO 

H e r e  the index on ~ c o r r e s p o n d s  to the n u m b e r  of the subsec t ion  of the r ing  s e c t o r  in which a so lu -  
tion is sought ;  z)t(T) is the in tegra l  of the equation 

4* 2 (1 - -  ~) zx" 2F 4* [ t  + (~ - -  t )*1  zx' - -  ~,~ [I - -  (2~ + t )  ~'] zx = 0 
(1 .5 )  

which is r e g u l a r  at  r = 0; ~X (T) is the second  l i nea r  independent  in tegra l  of Eq.  (1.57 obta ined by Lighthi l l  
[10] and C h e r r y  [11, 12] and f i r s t  used  in g a s - f l o w t h e o r y  by S. V.  F a l ' k o v i c h  [3]. F o r  the Wronsk ian  of 
these  in t eg ra l s  we have 

wx (~) = zx' (~) ;~ (~) - ~x' (~7 z~ (~) -- ~ (t  - ~)~ ~-~ (1 .~) 

The coef f i c ien t s  Phi, Bn, Cn, and D n depend or~ a de t e rmina t ion  of the bounda ry  condi t ions  and the c o n -  
di t ions of ana ly t i ca l  cont inuat ion [3]. 

In the t e r m s  chosen  the equat ion for  gas  d i s c h a r g e  takes  the f o r m  

Q = 2dv~(t - -  "q)~ (t.7) 

The c u r r e n t  funct ions ,  d e t e r m i n e d  by  (1 A), satisfy the b o u n d a r y  condi t ions  (1.17. We now use  the 
fu l f i l lment  of the boundary  condi t ions  (1.2) as  well  as the condi t ions  of ana ly t ica l  cont inuat ion th rough  the 
bounda r i e s  of the subsec t ion ,  i .e . ,  

The fol lowing s y s t e m  of equa t ions  follows f r o m  condi t ions  (1.2) and (1.8): 

A~zx (~o) + B ~ x  (~0) = 0 

C~,zx (*2)+ D~,~x (*2) = - -  ( Q ! n~) cos Xrn 
(A,~ -- C~) zx' (T1) + (B, -- D~) ~x' (vI) = 0 

(A~ -- Cn) zx (vl) + (B n -- Dn) ~x (vt) ----- Q / nzt 

(t .8) 

Solving this  s y s t e m  of equa t ions  and us ing  (1.6), we d e t e r m i n e  the coef f ic ien t s  A n . . . . .  Dn. Thus 
the c u r r e n t  function (1.4) is d e t e r m i n e d ,  and f inal ly the solut ion of the  p rob l em will  take the f o r m  

o e  

e o  

Q ~ -  o t ~0] ,~ (~, o) = -a- [ T  + ~' -Z ~ (~) ~i~ 

(i .97 
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H e r e  

rlTx ' (~ ,  "t~) . l ~Tx ('t, ~0) 
/s (T) = L ~-'~ cos/~rrtJ Wx @2, "to) 

XT, ('~) = %'' ('tx' "to) %, ('~, ~rs) T~. ('t, "co) 
W~. ( ' t l ~  T}. ('t~, "to) T). ('t~, To) COS ~,m 

(1.10) 

w h e r e  f o r  c o n v e n i e n c e  the  c o n d i t i o n s  a r e  s e t  down [13] 

T~ (~, ~)  = z~ (~)~x (~) - -  z~ (~) ~ (~), r x  (~,  ~d = 0 
Tx'(v i, ~ )  = [Tx0r, "ri)].=. c Tz'(~:~, ~i) = wx(~i) (~, ] = 0, t ,  2) 

T he  c h a r a c t e r i s t i c s  of  the  func t ions  f X  (T), X) t ( r )  a r e  e x p r e s s e d  by  the  fo l lowing  e q u a l i t i e s  [14]: 

h (~o) = 0,  h ( ~ )  - x~ ( ~ )  = 1, X~ ( ~ )  = - cos  ~,m 
.h,' (,r~) - x~,' ('n) = 0 

[Tx'(~I, "r cosX., l ~uo) 
./x' (%) = L' ~ ~ TX (~'~, "to) (1.11) 

w}. ('ts) T)' ('~l, to) T x' ('ts, ~'o) 
XZ' (%) = ,.X (~,) TX (~, "to) T~ (~, ~o-------~ COS Z, rn 

w x (~) z/(~,) z x' (~) 
l i m / x ' ( % ) = 0 ,  l imXx ' (~z)=  wx('t,) zx(v,) z~,('t~) cos)~m (1.12) 
"r "vO"'~ 

~' x t --}- qx~ ~x 2qo ~ 
lira Zorn' (%) = -~  qox t --  qo~ ~x cos ~.m 

,~-*~o t - -  q0~ ~x ( 1 . 1 3 )  

l im %X~ (~)  = -~ q~X qo~ ~s cos ~rn 
vm~r162  1 - -  qo~ ~)" t - -  qo2 2x 

q~ "--- (~ / ~)'/ '  = v~ / vj (i, ] = 0, t,  2) 

2.  We d e t e r m i n e  the c o n n e c t i o n  b e t w e e n  the  p a r a m e t e r s  of the  p r o b l e m  and the  d i m e n s i o n s  of the 
d e a d  a i r  z o n e .  A long  any  c u r r e n t  l ine  t h e r e  e x i s t  g e n e r a l  f o r m u l a s  

ar 
dx = (t -.vT)-~ 2"~ -~- dO -- 

�9 d y . =  ( i - - : ) -~  [2~ ~ d O -  

i --  (2~ + i)'t 8r ] 
2v(i--v)  ~ d ~  cos0 

or 1 - -  (2~ + 1) "t ~ dr]  sin 0 
2"t (t - -  "t) 

(2.1) 

w h i c h  a t  the  j e t  s u r f a c e  T = c o n s t  a r e  t r a n s f o r m e d  to the  f o r m  

2"t ~ sin 0 dO dr, - 2 ~  ~ cos 0 dO, dy - -  v (i --'t)~ v (i -- 't)a - -  (2.2) 

Subs t i t u t i ng  r 1 (T, 0 ) f r o m  (1.9) wi th  the  c a l c u l a t i o n  (1.10) in to  (2.2), a s s u m i n g  r = ~'0 and i n t e g r a t i n g  
the  e x p r e s s i o n  o b t a i n e d  o v e r  0 a long  t he  j e t  s u r f a c e  L F  f r o m  0 to 0 and  then  d e t e r m i n i n g  the c o n s t a n t s  of  
i n t e g r a t i o n  f r o m  the  cond i t i on  tha t  XF = l I c o s a ,  YL = 0 ( l l  = OF  in F i g .  1) we f ind the  p a r a m e t r i c  equa t ion  
f o r  the  d e a d  a i r  zone  b o u n d a r y  L F  

1 

X ~ ~1 COS 

"~- Q~o (i -- r176 ~ 1 7 6  "vo ~ ~ [ ( _ _  ],n 2~ cos c ~ / ~  cos(~x+t + 1)9 cos (~ -- 1) O . ] k _ t  
n = l  

= /x' (~o) F . s i ~  _ t1 o sin (~ + t )  o.] 

(2.3) 

(2.4) 

F r o m  t h e s e  e q u a l i t i e s  it i s  e a s y  to ob ta in  the  d i m e n s i o n s  OF  = l i and  LO = h of  the dead  a i r  zone ,  fo r  
w h i c h  one m u s t  i n s e r t  in (2.3), (2.4) the  c o r r e s p o n d i n g  0 = 0, e = ~ ,  and t ake  into a c c o u n t  Eq .  (1.7) 

(2.5) 
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c o  

(2.6) 

An e x p r e s s i o n  for  the l ine e l e m e n t  dl of the b a r r i e r  face  follows f r o m  Eq.  (2.1) at 0 = ~ ,  i .e . ,  dO = 0 

0,  

Inserting the equation for current flow (1.9) with the calculation (1.10) into Eq. (2.7), integrating the 
resulting expression from ~0 to ~'2, taking into account equalities (2.5) and (1.11), and carrying out the ele- 
mentary transformations analogously to [14], we obtain an expression for the segment FE = 12 in the form 

d {1 A(vi ' .F . 4sina ~ t ~ (2.8) 

whe re  

Adding E q s .  (2.5) and (2.8) we obtain the length l of the b a r r i e r  s u r f a c e  

r  

l =  a l - a ( * ~ , ~ )  o s m + - - E - ~ , ( - l ) ~  ' sxn-~ ~ * # ~  (%) (2.9) 

In t eg ra t ing  E(~. (2.2) over  0 f r o m  0 to 0, us ing the e x p r e s s i o n  for  ~2(r ,  0) f r o m  (1.9), and then taking 
T = ~'2 and de t e rm i n i ng  the cons tan t s  of in tegra t ion  f r o m  the fact  that  the c o o r d i n a t e s  of the point B ( - s ,  d) 
a r e  known, we obtain the p a r a m e t r i c  equat ions  of the je t  con tour  BC 

co ZX' (*2) [" 2Z cos (E -:- 1) 0 

t 

y = d + Q ~ e ( t - - ~ 2 )  "~ ~. gx (x~) Usin(Z-t )~  

cos (k - l) 0q _ ~ j (2.i0) 

The equa t ions  for  the je t  con tour  ED a r e  found ana logous ly  

X '  ~-  l COS o~ 
t 

y' = l s i n a  
e o  

"}- Q'r~ (l -- T ' ) - ~ ~ "  ~" 2 ~ [ ( - -  l~n2Lsiac~ A z  ~ .  sia(L-- t) O k _ _ l  

(cosk__iL -- I) 8.] (2.11) 

sin (~ + 1) 0 ] 
k-/-t j 

He re  x '  and y'  a r e  coo rd ina t e  points  of the locus  of con tour  ED.  

To obtain one m o r e  re la t ion  between the p a r a m e t e r s  of the p r o b l e m  we take advantage  of a hypo thes i s  
of  N. E.  Zhukovski i  [15] that  the points  C and D lie on equipotent ia l  l ines~ With this  a s sumpt ion ,  fol lowing 
[16] and taking into accoun t  Eqs .  (2.9)-(2.11) and the cont inui ty  equat ion 

6 = d A (~i, z~) (2.12) 

we find a re la t ion  for  v = s / d  in the f o r m  

v = - - e t g a + A ( ~ l , % ) [ s i n m + c o s m c t g ~ + _ E ~  -- (2.13) 
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3. We de te rmine  the resu l t an t  p r e s s u r e  R on the b a r r i e r  by integrat ion along its edge 

R = 2 (Y  + p o l ~ -  p~ l ) s in  a, 
! 

J = ~ p d l  
It 

(3.1)  

Here  p i s  the p r e s s u r e  agaIns t  the b a r r i e r  face,  P0 is the p r e s s u r e  in t he  dead a i r  zone, and P2 is the 
p r e s s u r e  behind the b a r r i e r .  Taking Eq.  (2.8) into account and using the re la t ions  

p=p~ p ~  (3.2) 

where  p0 is the gas p r e s s u r e  at the s tagnant  point, we introduce J in the fo rm 

J = ~ .d/, - \ O0 so=~, 'd/, t '~ ' /o=: ,  .~ (3.3) 

F r o m  Eqs .  (2.5), (2.9), and (3.2), it is easy  to obtain the express ion  

oo 

polz = 2 Q f  t - ~ ~ ( -  t) ~ 1  t " 
a vo , . ,  ~ - r ' ~ i - , x  O:a) ( 3 . 4 )  

r , ~ - I  

p2l = Qp~ t - -  ~ A (v~, "q)  - -  cos ra + T 2 sin a ~ 1~2X~.' (1~) 

Calculat ing the in tegra l s  in (3.3) using (1.9) and (1,10), as was done in [14], and keeping in mind the 
equal i t ies  (3.2) and (3.4), we finally obtain 

where  

R = Qv~ It + ~" ( ~ ,  ~ )  - (~ /~) ' / ,  cos ral 

l-.~, h (i-,~=?+q 
~ ('r l '  ~'t) = ~ L- - t i  --'-'~-'771 / ] 

(3.5) 

It  is easy  to a sce r t a in  that  at v m - -  ~o the function ~ ( r l ,  T2) a s s u m e s  the fo rm 

~" (v  1, v ~  = (v~ 2 - -  vl~)/2vl ~ (3.6) 

The re la t ions  (1.9), (2.5), (2.6), (2.9), (2.13), and (3.5) provide a solution of the given p rob lem,  f rom 
which a number  of published r e su l t s  of S. A. Chaplygin [2], L. N. Stre tenski i  [4], V. I. Troshin  [5], E. Murgu-  
l e scu  [7], and N . A .  Slezkin [9] follow as individual c a s e s .  For  example  at T O = 0, m = I r /2 ,  and a =1/2(}, = 
2n) using (1.12) we obtain a solution to the p rob lem of a gas jet  emerg ing  f rom a channel and s t r ik ing  an in-  
finite sheet  in the fo rm 

Q D I [  ( T;n(v,, %) 1 z~n('~)sin2nO 
I~ ( ' q0 )=  --1)"-1+ '%,(~0 J%,,(~) ,~ 

c o  �9 

n=, z~,,, (.r,) P ~ . ~ j j  (3.7) 

In this case  R can be in te rp re ted  as the lifting force  produced by infinite s t r e a m s .  However,  in the 
ca se  of a constant  power input [1] 

~= (3.8) 

a m o r e  convenient  c r i t e r ion  of the Inc r ea s e  in lifting force  owing to proximi ty  to the ground is  the re la t ion-  
ship of i ts  magnitude to the th rus t  at a cons iderab le  dis tance f rom the ground 

L= = 2p~ v~= d (3.9) 
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w h e r e  v ~  i s  the  d i s c h a r g e  r a t e  of g a s  f r o m  the n o z z l e  a t  a c o n s . i d e r a b l e  d i s t a n c e  f r o m  the  g round  and p 2~o 

i s  the  gas  d e n s i t y  in th i s  j e t .  

D i s t r i b u t i n g  t e r m w i s e  the  s e c o n d  equa t ion  of (3.7) in Eq.  (3.9) we obta in  

cL~--= R / L ~  = A ( ~ ,  z ,~)  [ i  + ~ (v~, **)1 (3 .10 )  

C o n s i d e r i n g  t h e  e q u a t i o n  o f  c o n t i n u i t y  ( 2 . 12 ) ,  t h e  c o n d i t i o n  o f  c o n s t a n t  p o w e r  i n p u t  (3 .8)  m a y  b e  r e p r e -  

s e n t e d  a s  

�9 ~/i (1 - -  ~co)~ = ~2~1 '/' ( t  - -  T1) ~ ( 3 . 1 1 )  

4 .  T h e  r e s u l t s  o b t a i n e d  c a n  e a s i l y  b e  e x t e n d e d  t o  t h e  c a s e  o f  a n  i n c o m p r e s s i b l e  f l u i d .  E q u a t i o n s  

( 2 . 5 ) ,  ( 2 .6 ) ,  ( 2 . 9 ) ,  ( 2 . 1 3 ) ,  a n d  (3 .5)  a l o n g  w i t h  c o n d i t i o n  ( 1 . 1 3 ) ,  (3 .6)  t a k e  t h e  f o r m  

00 

n= l  - -  ~02 q02 
oo 

2gn k Ix i-{-qo~l x l - t -q :~  cos,~m ] Z t - - q z ~ c O S m  2V Z ( -  ~)n--i qi2 ~ q ~ X  - -  ~X 
d sin a a ~,~ Z- 1 t t n=I o~ %2 

co 

'~ -~ - -  c tg  :z -~ q n ( s i n  m + cos rn c tg  a)-~- 

n=l t q0s 

R = (Q / 2vl) (vl 2 + v~ 2 - -  2viv2 cos m) 
(4 .1 )  

The r e s u l t s  of [6] fo l low f r o m  equa t ions  (4.1) a t  v 1 = v2, and one m a y  a l s o  ob ta in  the  w e l l - k n o w n  e q u a -  
t i ons  of N.  E .  Zhuko 'vsk i i  [15]. F o r  e x a m p l e ,  s u p p o s i n g  oz = ~r/2, X = 2n, v~ = v 2 and u s i n g  the  r e l a t i o n  

o0 

(§ 

we ob ta in  a so lu t ion  to  the  p r o b l e m  of l a m i n a r  s t r e a m l i n e  f low of an i n c o m p r e s s i b l e  f lu id  a c c o r d i n g  to 
C h a p l y g i n ' s  s y s t e m  

co 
32dqto t )n_l  n q ~  sin 2 n m  

h -- 32dq10 Z n q01 sin~ n m  
~" 4n s  I 4n 

n = l  I - -  %1 
cr 

(+  32 
r~=l 

R = 4dplvl 2 sin~ m l 2  

4n ~ -- 1 
qo4~ sin 2 n m  

- -  an 
t - -  qoz 

(4 .2 )  

Changing  to the  l i m i t  a t  m--* 0, d --* ~ in Eq .  (4.2) and t ak ing  f r o m  the  equa t ion  for  l the  l i m i t  

2I~ 
lim (din ~) ~ ~ _{_ 4 + 64~ 

we f ind  the  w e l l - k n o w n  Chap lyg in  e q u a t i o n s  [8] 

641q10H 641q10H 2~ lv l~ ln  
h - - n + 4 + 6 4  fl , h - - n + 4 + 6 4  fl , R = n + 4 + 6 4  Q 

w h e r e  

oo 2 n  oo n 3 

4n 2 - -  t t a n "  4n ~ - -  l 
n=l  - -  %1 n=l  

o~ 4~ 
Z n8 %1 

f l =  . (7-t)n--1 4n 2 - 1  t 4n 
n=l -- qol 

q~ 
t ~  4n 

%X 
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TABLE 1. 

=. 

0.2 
0.4 
0.4 
0 .6  
0 .6  
0.6 

0,8 
0.8 
0,8 
0.8 

t . 0  
1.0 
t , 0  
t . 0  

1.2 
1.2 
1.2 
1.2 
t . 2  

t . 4  
1.4 
t . 4  
t . 4  
1.4 
1.4 

1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 

1.8 
1.8 
1.8 
t . 8  
t . 8  
1.8 
1.8 

2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 

Compressible fluid Incompressible fluid 

Vz V , 2 ~  v2 v2cr c L 

104.7 i .  994 
63.9 t .  374 

t58.7 t .380 
49.3 t .t36 

114.3 1.t37 
171.3 t .t40 

41.t  t .023 
94.8 i.027 

138.2 t .029 
213.2 t .030 

36.9 0.978 
84.9 0.980 

t i 9 . 4  0.981 
i75,3 0.986 

33.7 0.954 
75.9 0. 955 

i08.5 0.955 
i55.4 0.962 
232.8 0.967 

3 t .3  0.946 
70.5 0.946 

t00.4 0.948 
143.7 0,948 
209.2 0.95i 
267.3 O. 959 

29.7 O. 945 
66.7 O. 946 
94.9 O. 946 

i3i  .3 0.949 
194.4 0.951 
241.2 0.958 
282.8 O. 967 

28.2 O, 948 
63.7 O. 950 
90.5 0.950 

127.8 0.952 
i82.2 0. 956 
225.1 0.961 
262.9 0.969 

27.9 0.954 
61.4 0. 955 
87.O 0.956 

t23.8 0.957 
t74.6 0. 962 
214.8 0.967 
248.~ 0.973 
274,4 0.981 

199.7 
102.0 
230.5 

70.3 
158.t 
221.0 

55.0 
124.2 
172.8 
244.3 

46.1 
104.1' 
144.8 
204.7 

40.4 
91.2 

t26.0 
179.3 
253.7 

36.4 
82.3 

t t4 .5  
161.1 
229.0 
280.4 

33.6 
75.9 

t05.6 
t49.3 
211.2 
258.6 
298.6 

31.4 
7i,.t 
99.0 

139.9 
197.9 
242.4 
279.1 

29.9 
67.5 
93.9 

132.8 
i87.0 
230.0 
265.6 
296.9 

98.8 
63.2 

i42,7 
49.3 

t t0 .6  
154.9 

4t .8 
94.5 

131.4 
t85.9 

37.2 
84.0 

t16.8 
t65.2 

34.0 
76,9 

106.5 
t5 i .1  
214.0 

3t .2 
71.8 
99.8 

t40.8 
200.0 
244.7 

30. t 
65. t 
94.7 

133.9 
t81.1 
231.9 
267.7 

28.8 
65.1 
90.2 

128.2 
18i ,3 
222. t 
255.9 

27.8 
62.9 
87.6 

123.8 
174.6 
214.5 
247.6 
276.8 

cL 

2.071 
t .378 
t .378 
t . i 38  
t . i38 
t .138. 

i.031. 
t .031  
i .03i .  
t .03 t  

0.978, 
O. 978, 
0.978. 
0. 978. 

0 .956  
0 .956  
0.956. 
0 .956  
0. 956, 

0.946 
0. 946 
O.946 
O. 946, 
O. 946 
O. 946, 

0.945- 
0. 945 
0 .945  
0 .945  
0.945 
0 .945  
0 .945  

O. 948 
O. 948 
O. 948 
O. 948  
O. 948 
O. 948 
0.948 

O. 953  
O. 953 
0.953 
0.953. 
O. 953 
O. 953 
O. 95~: 
O. 953- 

Equations  (3.7), (3.107, and (3.11) in the i n c o m p r e s s i b l e - l i q u i d  c a s e  take the form 

_ , t + q~ 1 + qn t + q~ -- (v~,~'/* (4.37 V = y r 2 - 1 - ~ l n  l - - q x ~  ' c L =  ~ , / ,  , v ~  
- x 1 2  

C a l c u l a t i o n s  w e r e  c a r r i e d  out  u s ing  E q s .  (3.77, (3.107, (3.117, and (4.3) w i th  the  s p e e d  of  sound  a = 
340 m / s e c  and fl = 2.5, the  r e s u l t s  of which  a r e  p r e s e n t e d  in T a b l e  1. C a l c u l a t i o n s  fo r  a c o m p r e s s i b l e  
f lu id  w e r e  m a d e  a c c o r d i n g  to  T,  but  to show the e f fec t  of c o m p r e s s i b i l i t y  the  v e l o c i t i e s  a r e  g iven  in the  
t a b l e  in m e t e r s  p e r  s e c o n d .  

The  fo l lowing  c o n c l u s i o n s  d e r i v e  f r o m  an a n a l y s i s  of the t a b l e  and e q u a t i o n s :  

1) W i t h a n  i n c r e a s e  in v f r o m  0.2 to 1.6 the  va lue  of  CL, the r e l a t i o n s h i p  of the  l i f t ing  f o r c e  to the  
t h r u s t  at  a c o n s t a n t  p o w e r  input ,  d r o p s  m o r e  than 45~c and r e a c h e s  a m i n i m u m  which  i s  l e s s  than un i ty .  
Then CL g r o w s  wi th  i n c r e a s i n g  v and r e a c h e s  un i ty  fo r  an i n c o m p r e s s i b l e  f lu id  at  v = ~o, for  a c o m p r e s s i b l e  
f lu id  a t  t e r m i n a l  v e l o c i t y  v,  d e t e r m i n e d  by the  equa t ion  

7 4 2  



where  Z' r ep re sen t s  the summation over  odd n; 

2) the compress ib i l i ty  effect  does not significantly inc rease  the ground effect  c~ the lifting force  p ro-  
duced by ver t ica l  solid je ts ;  

3) the additional inc rease  in lifting force  does not develop with an increase  in the veloci ty v 1 in the 
case  of an incompress ib le  fluid, and this inc rease  is not significant for compress ib le  fluids. 
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